Maxwell's Equations in Arbitrary Coordinate System 



D. S. Kulyabov* and A. V. Korolkova 1 ' 

The article is devoted to application of tensorial formalism for derivation of different types of 
Maxwell's equations. The Maxwell's equations are written in the covariant coordinate-free and the 
covariant coordinate forms. Also the relation between vectorial and tensorial formalisms and differ- 
ential operators for arbitrary holonomic coordinate system in coordinate form is given. The results 
obtained by tensorial and vectorial formalisms are verified in cylindrical and spherical coordinate 
systems. 
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Problems of waveguide mathematical modelling some- 
times need curvilinear coordinate system to be applied. 
The choice of specific coordinate system is denned by the 
cross-section of the waveguide. 

Usually the description of waveguide model is based 
on Maxwell's equations in Cartesian coordinate sys- 
tem. With the help of vector transformation property 
Maxwell's equations are rearranged for sertain coordi- 
nate system (spherical or cylindrical) . But in some prob- 
lems, e.g. simulation of a heavy-particle accelerator, the 
waveguide may has the form of a cone or a hyperboloid. 
Another example of a waveguide with a complex form 
is the Luneberg lens, which has the form of a part of 
a sphere or a cylinder attached to a planar waveguide. 
Therefore in the case of a waveguide with a complex form 
the Maxwell's equations should be written in a arbitrary 
curvilinear coordinate system. 

It's well established to apply vectorial formalism to 
Maxwell's equations. But in this case Maxwell's equa- 
tions in a curvilinear coordinate system are lengthy. In [3] 
some preliminary work on tensorial formalism resulting 
in a more compact form of Maxwell's equations is made. 
The tensorial formalism has a mathematical apparatus 
which allows to use covariant coordinate-free form of 
Maxwell's equations. In this case the transition to a cer- 
tain coordinate system may be done on the final stage 
of research writing down the results. But tensorial for- 
malism can't be directly applied to Maxwell's equations 
because the relation between vectorial and tensorial for- 
malisms should be proven before. 

Different forms of Maxwell's equations are used in 
problems of finding Hamiltonian of electromagnetic field 
applied in variational integrator (particularly, symplec- 
tic integrator) construction. The main task is the fulfill- 
ment of the condition of symplectic structure conserva- 
tion during equations discretization. The several forms 
of Maxwell's equations are used in electromagnetic field 
Hamiltonian derivation: 

• 3- vectors; 

• momentum representation (complex form is used); 



As a summary the main goals of the article may be 
formulated: to show connection between vectorial and 
tensorial formalisms (section II); to apply tensorial for- 
malism for different forms of Maxwell's equations (sec- 
tion IV); to verify the obtained results by representing 
Maxwell's equations in spherical and cylindrical coordi- 
nate systems (section V). 



II. CONNECTION BETWEEN VECTORIAL 
AND TENZORIAL FORMALISMS 

Let's use the abstract indices formalism introduced 
in [1] in application to tensor algebra. In [1] a is the 
abstract index, a — a tensor component index. The us- 
age of a component index in some expression means that 
some arbitrary basis is introduced in this equation and 
indices obey the Einstein rule of summation (the sum is 
taken over every numeric index which occurs in one term 
of the expression twice — top and bottom). Abstract 
indices have an organizing value. 

Let's consider an arbitrary n-dimensional vector and 
space V 1 conjugated to V 1 space Vj. 

In tensorial formalism the basis is given in coordinate 
form: 



1, n. 



In vectorial formalism the basis is given by elements with 
the length ds- upon the corresponding coordinate: 



Si, = 



d 



Sj = ds 1 , i' = 1, n. 



In tensor form: 



ds 2 = gijdx i dx^, i, j = 1, n, 



where gjj — metric tensor. 
In vector form: 



ds 2 = gi'jids 1 dsi- , i', j' = 1, n. 



(1) 
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In the case of orthogonal basis, (II) has the form of: 

ds 2 = ^^d/d/, £' = T~Ti. (2) 
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let's express the vector basis through the tensor one: 

Where h\ , h\,, i, i' = 1, n, — matrix of Jacobi. 
For orthogonal basis from (II) 

gudx-dx- = giH'hj h\ dx-dx 1 , i, i' = 1, n. 

Let's introduce the notation (for orthogonal coordinate 
system): 



(hi) :=h\h\=-^-, hi := h\ = J — , i, i' = l,n 



Variables /jj are called Lame coefficients [5]. 

Let's express vector /* e V* by its components f- in 
tensor 8\ and vector 5-, basises: 

d 

p = p S i = p_J±_ 

f) 1 f) 

fi ri' si fi' _ £i 1 

■i -J v- J ds i> - J h i> dx v 



And then 



r-=M, *,*' = !,«. (3) 



In the similar way, for covectors: 

fi = fiSi= 

U = fA = /i'd/ =fi'h(dx\ 

and then 

fi' fi JTi h 1 = ljW- 
"/if 



(4) 



So the connection between tensorial and vectorial for- 
malisms is proved. 



III. TENSORIAL NOTATION OF 
DIFFERENTIAL OPERATORS IN 
COMPONENTS 

Let's present the differential operators in the compo- 
nents (for connections associated with metric). 

The expression for gradient (the variable ip is a scalar) : 



(grad^) t = (gradt/j)^, 



l ' (5) 

(grad ip)i = Vitp = diip, i = l,n. 

The expression for an arbitrary vector divergence / <E 
V 1 is: 



<Hv/ v,/' /;, r;,/< ./•;, / 



i(V\9\), 



^(VWlf), (6) 



or in components: 

div/=^9 i ( v 49l/ i ), i=M- (7) 



Variable g is det (<7»») ■ 

Because of the nonnegativity of radical expression and 
because of M 4 g < in Minkowsky space let's use the 
following notation \g\. 

The expression for rotor is valid only in E 3 space: 



(rot/)' = [V,/] = (rot/) 1 <5|, 



(8) 



where e^- is the alternating tensor expressed by Levi- 
Civita simbol £^:f? 1 



7 (3) 



, h j j ^1 — 1,3. 



From (III) for divergence and (III) for gradient one can 
get Laplacian: 



- V, (VV) = V, (^'(grad^) = 

•> / \n\ \ 



IV. MAXWELL'S EQUATIONS 
PRESENTATION 

Let's consider Maxwell's equations in CGS-system: 

- - IdB 
VxE = — — ; 

c at 

V • D = 47T/9; 



-± -t IdD 4tt- 
V x H = -— + — y, 
c at c 

V B = 0. 



(9) 



Here E and H — electric and magnetic intensities, j is 
the current density, p is the charge density, c is the light 
velocity. 



A. Maxwell's Equations Covariant Form by 
3-vectors 



Let's express the equation (IV) in the covariant form 
e iik VjE k = -V B l : 



e i ^ k V j H k = V D i + —f; 
ViB 1 = 0. 



(10) 
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Let's rewrite the expression (IV) in the tensorial for- 
malism components with the help of (III) and (III): 



1 



,(3) 



djEk-dkEj = --d t B 1 -, i,j,k = 1,3, 



o(3) i V 



,(3) 



47T/9, i = 1,3, 



4?T 



d 3 H K -d K H 3 =—d t D l -+—f-, i,i,fc = l,3 



0(3) lV 



C 



0, i = 1,3. 



B. Maxwell's Equations Covariant Form by 
4-vectors 

Let's rewrite (IV) with the help of electromagnetic field 
tensors F a p and G a/ s[4]: 



c 

VaG^ + V^G 7Q + V 7 G a/ 3 = 0, 



(11) 
(12) 



where 



Go 



-.e 1 -£ 2 -# 3 \ 

E — ^3 -B2 

E 2 B 3 -Bi 
v£ 3 -B 2 B 1 

/ Di D 2 D 3 \ 
-A -H 3 H 2 

-D 2 H 3 -H 1 

\-D 3 -H 2 H 1 / 



Ei, H 1 , i = 1,3, — components of electric and magnetic 
fields intensity vectors; A, B-, i= 1,3, — components 
of vectors of electric and magnetic induction. 

The equation (IV B) may be rewritten in a simpler 
form 



V a *G af} = 0. 



(13) 



Where the tensor *G ,Q/3 dual conjugated to G a @ is intro- 
duced 



*G a/3 — -e al3 ~ /S G 
2 



7<5> 



where e"' 37 ' 5 is the alternating tensor. 

The ordered pair (Ei, B 1 -) (Fafi ~ (E h B 1 -)) may be 
assigned to Fafi by following 

Foi = Ei, Fjj = —B-, substitution of P(i,j,k) is even. 

So the following expressions may be written 
Fafi ~ (Ei, B^-), F*e.~(-&,Bi), 
G^ ~ (A, H% CP&- ~ (-£*, A), (14) 
*G^ ~ (A, -A), *G^ ~ (-tfi -A). 



C. Complex Form of Maxwell's Equations 

The complex form of Maxwell's equations was consid- 
ered by various authors [2], [6]. 

Similar to (IV B) let's introduce correspondence be- 
tween an ordered pair and a complex 3-vector 



F l - ~ (E 1 -, B L ) , F l -=E l - + iB 1 -; 
G l - ~ (.D-, H 1 -) , G l - = D 1 - + iHK 



(15) 



Let's express intensity and induction by means of com- 
plex vectors 



E l = 



F* + F* 



B l = 



l = G^ + G^ i 
2 ' 

Two complementary vectors 
G* + F 





- F l 




2i 


G l 


-G i 




2i 


& 


~F l 


2 



(16) 



The expression (IV A) assumes the form 



4tt ■ (17) 
-iV (iT - L % ) + e t3k Vj{K k - L k ) = i—f. 



1. Complex Form of Maxwell's Equations in Vacuum 

From D l =E\H l = B l and (IV C) it follows 
K l = E l + \B l = F\ V = Q. 

Then the equations (IV C) will have the form 
V t F l = 4np; 

■ - h 4tt • (18) 

-iVo^ + e^V,^ =i— f. 

c 



2. Complex Representation of Maxwell's Equations in 
Homogeneous Isotropic Space 

In homogeneous isotropic space the following relations 
D l = eE l , pH l = B l (where e — dielectric permittivity 
and \x — magnetic permeability) are correct. 

The resulting expressions may be simplified as follows. 
In (IV CI) we need the formal substitutions c — > d = 
-^L= (the speed of light in vacuum is substituted by the 

speed of light in medium) and j a — > The result: 



F* = V^E l + i—B l , 



47T 

e^ k V 3 F k = i^H? + i 



epdF 1 



c dt ' 



4 



This representation of Maxwell's equations has several 
names. In particular, it is known as a representation of 
the Riemann-Sielberstein. 



D. Momentum Representation of Maxwell's 
Equations 

Let's expand the vectors of electric and magnetic fields 
intensity in a wavevector Fourier series & , j — abstract 
index: 



E\t,k 3 ) 
H%kj) 

b%kj) 
p(t,kj) 



i 



d :i .r' x 7^//',:/., " . 



-y±= J dV^^^K^, 
-y±= J d 3 xi^)p(t,xi)e- ik ^, 



1 



And inverse transvorm is 

E\t,x j ) 1 

H l {t,x 3 ) 
B l {t,x 3 ) 
D l {t,x 3 ) 
p(t,x j ) 



(19) 



_ } d 3 kj^E%kj)e ik ■ . 



d 3 k J Vg^)B\t,k J )e ik ^ x \ 



1 ' d 3 k J ^g~&b l {t,k 3 )e lk ^ 



(20) 



L= J d%^m,kM 



i 



d 3 kj^f(t,kj)e ik ^. 



Let's note that the vector components E z (t,x : >) and 
P(t,kj), (similarly: H l {t,x^) and frfakj), D l (t,x^) 
and D'fakj), B l {t,x^) and frfakj), f(t,x j ) and 
j l {t,kj)) are used in different basises: 

E i {t,k j ) = E%k j )5\, 
:= det^y, ds 2 = g^dx'-dx 3 -. 

where the basis 81 is given according to the vector ki . For 

all ki the independent basis is defined. We can use expres- 
sions under integral sign putting down Maxwell's equa- 
tions from (IV D). Or use the formulas for the Fourier 



transforms. 

{af(x i ) + bg(x i )) = a/(fcj) + bg(k t ), a,b = const, 



dxl 



l 



--(f*g)(ki), 



where 

oo 

(/ * g)(k) = J f(ki - s i )g(s i )d 3 s l . 

— oo 

In the simplest case (g — const) 

i^=e^ k kjE k (t,kj) = --d t B\t,k 3 ), 
V 9 c 

i^L=e ijk kjH k {t, kj) = -d t D l (t, kj) + —f{t, kj), 



Vg (3) - —■ c c 

ihD l (t, kj) = Anp(t, kj), 
ik,B\t,kj) = 0. 

(21) 

Because of the complex form of the resulting equations 
the complex form of Maxwell's equations (IV C) is rec- 
ommended to use 



F\t,xi)-- 
G l (t,xi) -- 
P(t,xi) 
3% 



1 



_ ; d 3 k^F\t,k 3 )e^ , 
^Jd 3 kjV^G%kj)e^, 



d :i k jX ~p:t.k,^ - ! . 



/gWf(t,kj)e lk * 



Remark. In terms of classical electrodynamics vectors 
Ei , W , Bi , Di decompositions in wavevector W Fourier 
series correspond to these vectors decomposition in mo- 
mentum Fourier series in quantum mechanics. That is 
why the representation (IV D) may be considered as mo- 
mentum representation. 



E. Spinor Form of Maxwell's Equations 

The tensor of electromagnetic field F a p and its compo- 
nents Fafi, a, ft — 0, 3 may be considered in spinor form 
[1] (and similarly for G a p): 

F a (3 — FaA'BB'', 

TP AA' BB' 
rg_li_ — ^ AA'B_B_' 9a_ 9/3 > 

A, A',B,B' = M, a,/3 = 073, 
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where g a — — , a — 0, 3, — Infeld-Van der Waerden sym- 
bols defined in real spinor basis £ab_ in the following 
way [1]: 



_ A A' a A A' a a A A' 

9a -—9a £ A— £ A>-' 9 A A'~ -~ 9~a£ A_£ A' 



(22) 



OA A b_ f B A o\ 

-1 Oj ' £ ± £ A - £ A -\0 I)' 

(23) 

Let's write Maxwell's equations using the spinors. 
The tensor F a p is real and antisymmetric, it can be 
represented in the form 

F a p = <fAB£A>B> + £ab<Pa>b>, (24) 
where <pab is a spinor of electromagnetic field: 

^ 77 C 1 771 _A'B' 1 TTl -A'B' 

<PAB — ^ ABC — 2 tAA ' BB ' £ ~ 2 a(i 

Similarly 

G a fj — r )AB£A'B' + ZABlA'B', 

*G a ? = -i 7 AB e A ' B ' + i£ AB j A ' B '. (25) 

Replacing in (IV B) abstract indices a by A A' and (3 
by BB', we can write: 

V AA >F AA ' BB ' = —j BB '_ 
c 

Using (IV E) we will get 

V y A + v <p A , = —J 
Similarly, from (IV B) and (IV E) it follows 

V A ' B 1b - ^ AB 'lB- = 0. 

In so doing the system of Maxwell's equations can be 
written as 



Using the equations (IV E), (IV E) and notation Fj = 
Ei-iB\ we will get [1]: 



ipu = -^(F!+iF 2 ). 



V. MAXWELL'S EQUATIONS PRESENTATION 
IN SOME COORDINATE SYSTEMS 

A. Maxwell's Equations in Cylindric Coordinate 
System 

Due to the standard ISO 31-11 the coordinates 
(x 1 ,^ 2 ,^ 3 ) are denoted as (p,tp,z). In order to avoid 
some collisions with charge density symbol p the follow- 
ing notation (r, <p, z) will be used. 

The law of coordinate transition from Cartesian coor- 
dinates to cylindric ones: 



x = r cos ip, 
y = r sin ip, 
z = z. 



The law of coordinate transition from cylindric coor- 
dinates to Cartesian ones: 



r = 



\fx 2 +y 2 , 
<p = arctg ( — 



The metric tensor: 

'i o o> 

9ij = I r 2 
.0 I, 



T CP 
1/r 2 

,0 1; 



ttjAB' „B , vjBA' B' 

V p A + V Va' = — 3 

c 

ttjA'BA yiAB'-A' n 

v 7s - V 7b' = 0. 

The spinor form of Maxwell's equations system in vac- 
uum can be written in the form of one equation 

t-?ab'b 27r BB i 
V Va = — J 

c 

The components of electromagnetic field spinor: 



4tt 



BB' 



V9 = r. 

Lame coefficients: 

hi = h r = 1, h2 = h lp = r, h 3 = h z = 1. 

The relation between the holonomic (tensor) and non- 
holonomic (vector) bases (see (II) and (II)): 

r-=r- /*' = »•/£, /*' = /-, 



i 



^i-B = ^ Fa^£——g—AA^g—B_BJ_, 

A, A',B,B' = DTI, a,^ = 073. 



/r' /r i /y' ^ /ip ! /z' /z ■ 



Differential operators in the holonomic basis: 
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(grad/), = —5-+—5-+—S-: 



dr 1 dip 



dz 



1 



div / = -d r (rf-) + 8 V (/£) + d z (/*) : 



(rot/) = i d tp f z _-d z f^ 



51 + 



+ ~ [dz.fr - 9r/J + - 9 r / v - 



Differential operators in the nonholonomic basis: 



(grad/) i = -^ + -$-; 

div/ = \d r (rf*) +\d v (/£')+ »,(/*') 



(rot/) 



r 

-V 1 



1 



+ [d z f r _! - drU] 5^ + - dr(rM - 8 v f r 



SI. 



Maxwell's equations in cylindric coordinates (r, <p, z): 



djE k - d k E, 



1 



-dtB 1 -, i,j,k = 1,3, 



<9j iTfe — j 

1 

r 



= j\ i,j,k = 1,3, 

c c - 



9i (r£)i) = 4ttp, i = l,3, 



1 



6> i (rB i )=0, i = 1,3. 



The final result after some rearrangements: 

-[d v E 3 -d z E 2 ] = --d t B\ 

r c 

-[^ 1 -a r s 3 ] = --a t s 2 , 

r c 

-[a rJ E 2 -a y i; 1 ] = --5 tJ B 3 , 

r c 

- [0„ff 3 - = --dtD 1 + —j\ 

r c c 

l[d z H 1 -d r H 3 ]^--d t D 2 + — f, 
r c c 

- [8 r H 2 - d v Hi] = --0 t D 3 + —j 3 , 
r c c 

dD 1 dD 2 dD 3 
or dp dz 



1 ! dB 1 dB 2 dB 3 (| 

r dr dip dz 



B. Maxwell's equations in Spherical Coordinate 
System 

Due to standard ISO 31-11 coordinates (a; 1 , a; 2 , a; 3 ) are 
denoted as (r, #, <p). 



The law of coordinate transition from Cartesian coor- 
dinates to spherical ones: 

x = r sin i9 cos 
y = r sin-#sin</?, 
z = r cos 

The law of coordinate transition from spherical coor- 
dinates to Cartesian ones: 



r = \J x 2 + y 2 + z 2 , 



4) = arccos — 

\^x 2 +y 2 + z 2 / 

if = arctg ( - ) . 
v \x/ 

The metric tensor: 

/l 

9ij = r 2 

\0 r 2 sin 2 tf. 



arctg 



\A 2 + y 2 



no ox 



— 



\o — — 5— / 

x r 2 sin 17 / 



= r 2 sin 

Lame coefficients: 

hi = h r = 1, h,2 = h$ = r, h 3 = h v = rsini?. 

The relation between the holonomic (tensor) and non- 
holonomic (vector) bases (see (II) and (II)): 

f r -=f- f l '=rf^, /^'=rsini?/^, 



fr' — fr, fi)' — -f#, / 



1 



ip- 



r'~ ' — r sin 1? 
Differential operators in the holonomic basis: 



(grad/) 4 = j^S. 



dd 



dip 



div/= _3 r ( r 2 /: 



1 



(rot/)' 



1 



'• 2 sin $ 



' sin 1? 
<9#/ v - d v f o_ 



1 



r 2 sin ■& 



dipfr_ drfif 



51 + 

1 

• 2 sin 1? 



[d r f±-d#fr\ 5 l v . 



Differential operators in the nonholonomic basis: 

(grad/)i = — <5- + -tt^5- + ^-^^5^ ; 
div/ = 1^. (r 2 .K) + ^jd* (sin<?/^') + 

+ r n (/^') ; 

(rot/ 



1 



r sin?? 



9^(sini?/ v /) - d v U 



Si + 



1 



sin 



d<p ft - dr{rf v >) 



4' + " [0r(r/*O-0*/r'K 
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Maxwell's equations in spherical coordinates (r, </>): 



1 



r 2 sin i? 



— dkEj 



r 2 sin ?9 



9j -fffc — 9fc flj 
1 



= —d t B\ i, j, fc = 1, 3, 
c - 

1 4tt - 

-d t D*-+—f-, i, fc = 1,3, 
c c - 



r 2 sin 
1 



6>i (r 2 sin z?i>) = 4vrp, z = 1,3, 
di (r 2 siatiBi) = 0, i = 173. 



r 2 sin $ 

The final result after some rearrangements: 

-T^— q [d#E 3 - d v E 2 ] = --8 t B\ 
r 2 sin v c 

- T ±—[ d E 1 -d r E 3 \ = --d t B 2 , 
r 2 sin v c 

[d r E 2 - = --d t B\ 

r 2 sin w c 

2 ^ q P*#3 - d v H 2 ] = --dtD 1 + —j 1 , 
r 2 sm tf 



1 



c 

47T 



. [d v H 1 -d r H 3 ] = —d t D 2 + —j 2 , 
r 2 sm # c c 

—5-^ [d,# 2 - fyffi] = --d t D 3 + —f, 
r 2 sm v c c 

-D 1 + drD 1 + ctgiiD 2 + cU„D 2 + cUL> 3 = Anp, 
r 

-B 1 + d r B l + ctg§B 2 + dt,B 2 + d v B 3 = 0. 
r 



VI. CONCLUSION 



1 . The connection between tensorial and vectorial for- 
malisms is shown. 



2. The covariant coordinate representation of differ- 
ential operators for holonomic coordinate systems 
is given. 



3. It is shown how to use tensor formalism for different 
forms of Maxwell's equations. 



4. Maxwell's equations are presented in covariant 
coordinate-free and covariant coordinate forms. 



5. It is shown that the results obtained by tensorial 
and vectorial formalisms are the same for cylindri- 
cal and spherical coordinate systems. 



6. It is shown that the usage of tensorial formalism in- 
stead of vectorial one for Maxwell's equations may 
simplify mathematical expressions (particularly in 
non-Cartesian coordinate systems). 

Using tensorial formalism instead of vectorial one 
can simplify the form of equations and intermediate 
results in non-Cartesian coordinate systems due to 
well developed formalism of tensor analysis. The 
transition to vectorial formalism can be done at a 
final stage if necessary. 
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ypaBHeHHH MaKCBejIJia B IipOH3BOJIBHOH CHCTeMe KOOpflHHaT 



J\. C. Kyjia6oB* and A. B. KopojibKOBa^ 

B pa6oTe npofleMOHCTpiipoBaHO npiiMeiieHiie TeH3opHoro cfjopMajiiraMa fljia nojiyieHiia pa3HBix 
4>opM 3anncii ypaBHeHHit MaKCBejijia. iIojiyH6HBi ypaBHeHHa MaKCBejijia b KOBapiiaHTHofi 6ecKO- 
opflHHaTHoii h KOBapnaHTHoii KOop,n,iiHaTHOH <J>opMax. ITpeflBapHTejibHO ycTaHOBJieHa cbs3b MejKfly 

BGKTOpHBIM H TeH30pHBIM 4>OpMajIII3MaMH, BBinHCaHO KOOpflHHaTHOe npeflCTaBjieHiie flIl4>4>epeHH,II- 

ajiBHbix onepaTopoB fljia npon3BOjibHbix tojiohomhbix ciiCTeM KOopfliiHaT. IIpoBefleHa BepH<|)iiKaii;iia 
pe3yjiBTaTOB, nojiyiemiBix c iiomohibio TeH3opHoro 11 BeKTopHoro 4>opMajiii3MOB H a npHMepe hh- 
jiHHflpH^iecKoii n ccJjepHiecKoii chctcm KOopfliiHaT. 
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I. BBEAEHHE 

B 3aflaHax MaTeMaTHnecKoro MOflejinpoBaHHH boji- 

HOBOflOB HaCTO B03HHKaeT nOTpe6HOCTb HCnOJIB30BaHHH 
KpHBOJIHHCHHblX CHCTGM KOOpflHHaT. Bbl6op KOHKpeTHOH 

CHCTeMbi KOOpflHHaT 3aBHCHT ot (popMbi nonepenHoro ce- 

HCHHH BOJIHOBOfla. 

06biHHO fljiH onncaHHa HCCjieflyeMoii bojihoboahoh mo- 
flejiH 3a ocHOBy 6epeTCH 3anncb ypaBHeHHii MaKCBejijia b 
fleKapTOBOfi CHCTeMe KOOpflHHaT. Hcnojib3yH TpaHecpop- 
Maii,HOHHbie CBOiicTBa BeKTopoB, ypaBHeHHH MaKCBejijia 
nepenncbiBaiOTCH fljia kohkpcthoh kphbojihhchhoh ch- 

CTeMbl KOOpflHHaT, HaCTO CepepHHeCKOH HJIH HHJIHHflpH- 

HecKoii. OflHaKO, HanpHMep, b 3aflane MOflejinpoBanHH 

yCKOpHTejIH TSHCejIblX HaCTHH, BOJIHOBOfl MOJKeT HM6TL 

(popMy KOHyca hjih rHnep6ojiOHfla. ^pyroii npHMep boji- 

HOBOfla CJIOJKHOH (pOpMbl — BOJIHOBOflHaH JIHH3a JIlOHC- 

6epra, npeflCTaBjiHioiiiaH co6oii nacTb ccpepbi hjih hhjihh- 
flpa, npHKpenjieHHOH k njiaHapHOMy BOjiHOBOfly. IIosto- 
My, b cjiynae 6ojiee cjiojkhoh cpopMbi BOJIHOBOfla TpeSyeT- 
ca 3anncb ypaBHeHHii MaKCBejijia b npoH3BOjibHoii kph- 
bojihhchhoh CHCTeMe KOOpflHHaT. 

TpaflHHHOHHO K ypaBHCHHHM MaKCBejijia npHMeHJHOT 

BeKTopHbiH <popMajiH3M. B 3tom cjrynae 3anncb ypaBHe- 
HHii b KpHBOjiHHeiiHOH CHCTeMe KOOpflHHaT Kpaime rpo- 
M03flKa. B pa6oTe [1] npoBeflenbi npeflBapHTejibHbie hc- 
cjieflOBaHHH no npHMeHCHHio TeH3opHoro <popMajiH3Ma, 
npHBOflHinero k 6ojiee KOMnaKTHOii h yflo6Hoii cpopMe 
3anHCii ypaBHeHHii MaKCBejijia. KpoMe Toro, TeH3opHbiii 
(popMajiH3M HMeeT MOiinibiH MaTeMaTHiecKHii annapaT, 
KOTopbiii no3BOjiHeT pa6oTaTb c KOBapnaHTHOii 6ecKOop- 
flHHaTHOii (popMoii 3anncH ypaBHeHHii. B stom cjiynae 
nepexofl k KOHKpeTHOii CHCTeMe KOOpflHHaT HyjKeH TOjib- 
ko Ha 3aKjnoHHTejibHOM 3Tane nccjieflOBaHHii npn 3ann- 
ch pe3yjibTaTa. HcnocpcflCTBCHHO npHMeHHTb TeH3opHbiii 
<popMajiH3M k ypaBHeHHHM MaKCBejijia Hejib3H. Tpe6y- 
eTCH ycTaHOBHTb CBa3b BeKTopHoro h TCH3opHoro cpop- 

MajIH3MOB . 

Pa3jiHHHbie (popMbi 3anncH ypaBHeHHii MaKCBejijia hc- 
nojib3yiOTCH h b 3aflanax, CBiraaHHbix c HaxojKfleHHeM ra- 
MHjibTOHHaHa sjieKTpoMarHHTHoro nojia, npHMeHaeMoro 
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flJIH nOCTpOCHHH BapHaHHOHHblX HHTCrpaTOpOB, B HaCT- 

hocth, CHMnjieKTHHecKiix HHTerpaTopoB . OcHOBHaa pejib 
- BbinojiHeHne ycjiOBHH coxpaHeHiia CHMnjieKTHnecKoii 
CTpyKTypbi npn flHCKpeTH3ainTH ypaBHeHHii. MeTOflbi Ha- 
xo»cfleHHH raMHjibTOHnaHa sjieKTpoMarHHTHoro nojia hc- 
nojib3yiOT cjieflyioiiiHe (popMbi 3anncn ypaBHeHHii MaKC- 
Bejijia: 

• ^epes 3-BeKTopbi; 

• nepes 4-BeKTopbi; 

• KOMnjieKCHoe npeflCTaBjieHiie; 

• HMnyjibCHoe npeflCTaBjieHHe (fljia ero 3anncH b 
cboio onepeflb npHMeHaeTCH KOMnjieKCHaa cpopMa); 

• cnHHopHoe npeflCTaBjieHiie. 

Pe3iOMHpyH CKa3anHoe Bbinie, cdpopMyjinpyeM ochob- 
Hbie 3aflanH, peniaeMbie b flaHHOii pa6oTC. Heo6xoflHMO 
npofleMOHCTpHpoBaTb CBa3b BeKTopHoro h TeraopHoro 
(popMajiH3MOB (pa3fleji II) . IIpHMeHHTb TeH3opHbiii (pop- 
MajiH3M fljia pa3jiHHHbix cpopM npeflCTaBjieHHH ypaBHe- 
HHii MaKCBejijia (pa3fleji IV) h BepnepHHiipoBaTb nojiy- 
neHHbie pe3yjibTaTbi, BbinncaB hbho ypaBHeHHa MaKC- 
Bejijia b inijniHflpHHCCKOii h ccpepHHecKoii CHCTeMax ko- 
opflHHaT (pa3fleji V). 



II. CBa3b TEH30PHOrO H BEKTOPHOrO 
OOPMAJIH3MOB 3AnHCH BEKTOPOB 

ByneM Hcnojib30BaTb npefljiojKCHHbiii b [2] <popMajiH3M 
a6cTpaKTHbix HHfleKCOB. B [2] nepe3 a o6o3HaHeH a6- 
CTpaKTHbiii HHfleKC, a — KOMnoHeHTHbiii HHfleKC TeH3opa. 

ITpHCyTCTBHe B HeKOTOpOM BbipajKeHHH KOMnOHeHTHOTO 

HHfleKca 03HaHaeT, hto b Hero KOCBeHHbiM o6pa30M BBe- 
fleH HeKOTopbiii (npoH3BOjibHbiii) 6a3HC, a caMH HHfleK- 
ch noflHHHsiOTca npaBHjiy cyMMnpoBaHHH SnHinTeiiHa 
(cyMMHpoBaHne no BCSKOMy nncjieHHOMy HHfleKcy, koto- 
pbiii BCTpenaeTca b oahom HjieHe BbipajKCHns flBajKflbi: 
BBepxy h BHH3y) . A6cTpaKTHbie HHfleKCbi HMeiOT opraHH- 
3yion];ee 3HaneHHe. 

PaccMOTpHM npoH3BOjibHoe n-MepHoe BeKTopHoe npo- 

CTpaHCTBO V 1 H COnpHJKCHHOe K V 1 npOCTpaHCTBO Vi. 
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B TeH30pH0M (J)0pMajIH3Me 3aflaflHM rOJIOHOMHMH 6a- 
3HC: 

5\ = q-£V\ 5\ = dx^V u i = M. 

B BGKTopHOM cpopMajiii3Me HerojiOHOMHbiH 6a3HC 3afla- 
eTCH nepe3 ajieMeiiTbi fljiHHbi ds- no cooTBercTByiomeH 
KOopflimaTe: 

HerojiOHOMHbiii 6a3iic o6i>ihho npe,n;ocTaBjiaeT hckoto- 
pbie y,n;o6cTBa. B flaHHOM cjiynae 3to: 

• coxpaHCHiie bcjihhhh npii npeo6pa30BaHHH KOop,n,ii- 
HaT (t. e. paccTOHHHa nepexoflHT b paccTOHHiie, yr- 
jibi b yrjibi h t. fl.); 

• Hepa3JIHHHMOCTb KOHTpaBapiiaHTHblX H KOBapiI- 
aHTHblX BGKTOpOB, HTO n03BOJiaeT HCIIOJIb30BaTb 

TOJibKO oflHH ran HHfleKca. 
B TeH3opHoii 3amiCH: 

ds 2 = gijdx l dxt, i, j = l,n, 

iyj,e gjj — mgtphhgckhh TeH3op. 
B BGKTOpHOfi 3anncH: 

ds 2 = g^j^'dd', i', f = l~n. (1) 

B cjiy^ae opToroHajibHoro 6a3nca (II) npiiHHMaeT BHfl: 

ds 2 = ff^/d/d/, i' = T~n. (2) 

Bbipa3HM BCKTopHbifl: 6a3HC nepe3 TeH30pHblfi: 

3,a,ecb /if , /it, , i, i' = 1, n, — KoacpcpiiinieHTbi Herojio- 

HOMHOCTH. 

J\nsi opToroHajibHoro 6a3nca H3 (II) Haxo,n,HM: 
giidx L dx L — giH'hj h\ dx l dx L , i, i' = 1, n. 
BBe^eM oGosHa^eHHe (ajih opToroHajibHoft ciiCTeMbi 

KOOpflHHaT): 



(hi) 2 := h\h\ = h L := h\ 

gvv 



.91'. 



-, i, i = i, 



BejiHHHHbi /ii Ha3biBaiOTca KOScpepiiniieHTaMH JIaMe [3, 
T. 1, c. 34-35]." 

Bbipa3HM bcktop /* G V 1 nepe3 ero KOMnoHeHTbi f 1 b 

TeH30pHOM 8\ II BGKTOpHOM (5*, 6a3IICaX COOTBGTCTBGHHO '. 



r = m = f 



d 



r f : 4 r - 



dx- 

■ -'J__^_ 



OTCio/ja nojiynaeM, hto 

AiiajioriiHHO fljia: KOBeKTopoB HMeeM: 
/i = M = Adz 1 , 

OTKy^a nojiynaeM, hto 



(3) 



(4) 



TaKHM o6pa30M, noKa3aiia cbh3b MejK^y TeH3opHbiM h 

BeKTOpHbIM (pOpMajIII3MaMH . 



III. TEH30PHAA 3AIIIlCb 
^HO><l>EPEHLi;HAJlbHbIX OnEPATOPOB B 
KOMnOHEHTAX 

3aniinieM b KOMnoHCHTax ^HipcpepeHnHajibHbie onepa- 

TOpbl (flJIH CBH3HOCTeiI, aCCOUHHpOBaHHblX C MGTpiIKOIl) . 

BbipajKeHne pj\s. rpa^iieHTa iimcct bha (3,n,ecb if — cxa- 
jiap): 



(grad^)i = (grad </?)i(5f , 
(grad tp)i = Vi_ip = diip, i = l,n. 



(5) 



BbipajKeHne pjia fliiBepreHiniii HeKOToporo npoH3BOjib- 
Horo BCKTopa / G V 1 hmggt bea: 



«Hv/ v,.r /;, i-;,/' /.; / 



= *d i (y/\g\f), (6) 



HJIH B KOMnoHCHTax: 



div/ = ^=a i ( v ^i/ i ), i = l,n. 



(7) 



3,a,ecb 5 npeflCTaBjiaeT co6oit det ((fe). Tax Kax no/i,- 
KopeHHoe BbipajKfiHiie Romano 6biTb HeoTpim,aTejibHbiM, 
a b npocTpaHCTBe MiiHKOBCKoro M 4 g < 0, to /i;jih onpe- 
/jejieHHOCTH 6yn,eM iicnojib30BaTb 3aniicb \g\. 

BbipajKeHiie pjisi poTopa fleiiCTBHTejibHO TOJibKO b npo- 

CTpaHCTBe E 3 : 



(rot/)'= [V,/] = (votffdl 



(8) 



vj\e eri-— — ajibTepHiipyioiHHH TCH3op, BbipajKaiomHHca 
nepe3 chmboji JleBii-HeBiiTbi e^-[? ]: 



j(3)f 



j(3) 



£ ^ ! h j i k. — 1,3. 
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Ife BbipajKeHHii (III) fljia flHBepreHiniH h (III) pjin rpa- 
fliieHTa mojkho nojiyHHTb jianjiacHaH: 

= V, (V>) = V, (0«(grad = 



IV. nPEACTABJIEHHfl YPABHEHHH 
MAKCBEJ1J1A 



PaccMOTpHM ypaBHeHHa MaxcBejijia b CHCTeMe 
CrC [4]: 



Vx£ = - -s-; 

C OT 



(9) 



V • D = Airp; 

-± -t ldD 4tt- 
V xH = -— + —j; 
c at c 

V-B = 0. 



3,n,ecb E h H — HanpajKeHHOCTH sjieKTpHHecKoro h 
MarHHTHoro nojieii, D m B — ajieKTpiiHecKas: h MarHHT- 
Haa HHflyKn,Ha cootbgtctbchho , j — njiOTHOCTb TOKa, p — 
njioTHOCTb 3apa:fla, c — cxopocTb CBeTa. 



A. KoBapHaHTHM 3anncb ypaBHeHHH MaKCBejuia 
iepe3 3-BeKTopti 



3anHineM ypaBHeHHH (IV) b hbho KOBapnaHTHOH cpop- 



Me 



e ijk VjE k = -V B*; 
V 4 B 4 = 0. 



(10) 



IlepenHHieM (IV) b KOMnoneHTax TeH3opHoro (popMa- 
jiH3Ma, Hcnojib3ya (III) h (III): 



1 



,(3) 



djEk — dkEj 



-d t B\ i,j,k = 1,3, 



l =d i (y^)D^)=A'Kp, » = 1,3, 



,0) 



i, i, fc = 1,3, 
c c - 



<9j -Hfc - 3fe -ffj 



B. KoBapnaHTHaH 3anncb ypaBHeHHH MaKCBejuia 
nepe3 4-BeKTopw 

3anHHieM (IV) nepe3 TeH3opbi sjieKTpoiviarHHTHoro no- 
jih F af) h G aP [5], [6, c. 256, 263-264]: 

V aF ^ = (11) 
V Q G^ 7 + V^G 7Q + V 7 G^ = 0, (12) 
iyje TeH3opbi F a P h G Qj g hmciot cne/iyioiinie komhohchtbi 

G n R = 



E-, H-, i = 1,3, — KOMnoHeHTbi BeKTopoB HanpHJKeHHO- 
cth sjieKTpHHecKoro h MarHHTHoro nojieii cooTBeTCTBeH- 
ho; Di, Bi, i= 1,3, — KOMnoHeHTbi BeKTopoB ajiercrpn- 

HeCKOH H MarHHTHOH HHflyKHHH COOTBeTCTBeHHO. 

YpaBHeHHe (IV B) mojkho 3anncaTb b 6ojiee npocTOM 
BHfle 





-E 1 


-E 2 


-E 3 \ 


E 1 





-B 3 


B 2 


E 2 


B 3 





-B 1 


\E 3 


-B 2 


Bi 


J 





D 1 


D 2 


D 3 


-D 1 





-H 3 


H 2 


-D 2 


H 3 





-H 1 


-D 3 


-H 2 


H 1 






V Q * Q a @ = o. 



(13) 



3flecb BBe^eH TeH3op *<J a P , ^yajibHO conpHJKeHHbift TeH- 
sopy G Q/3 

*G Q/3 = ie Q/37<5 G 75 , 



r/i,e e 



ajIBTGpHHpyiOH^HH TeH30p. 



Ko/nicpHinipyeM 3anncb Hcnojib3yeMbix TeH3opoB. fljia 
SToro nocTaBHM b cootbctctbhc F a p ynopHfloneHHyio na- 

py (Ej_, B-) (Fap ~ (-Ei, -B 1 )) cjie/iyionniM o6pa30M 
F i = Ei, Fjj = — B-, noflCTaHOBKa P(i,j,k) — neTHaa. 
TaKHM o6pa30M mojkho BbinncaTb cjieflyroiinie coot- 

BeTCTBHH 

pgJ3_ 



F^-iE^B 1 -), 
G^^{D h H% 
*Gafi ~ (Hi, -D 1 ), 



-(-E l -,Bi), 
G^~ (-D l -,Hi), (14) 
*G^ - (-H 1 -, -Di). 



Tlo stovl ynopH^OHeHHOii nape mojkho CTpoHTb KaK 
TeH3opHbie, TaK h BeKTopHbie npeflCTaBjieHHH Teraopa 
sjieKTpoMarHHTHOii HH/^y kd,hh . 



C. KoMnjieKCHoe npe,z;cTaBJieHHe ypaBHeHHH 
MaKCBejuia 

Mojkho nocTpoHTb HecKOjibKO bh^ob KOMnjieKcnoro 
npeflCTaBjieHHH ypaBHeHHii MaKCBejuia, xoth oGbihho 



orpaHHHHBaiOTCH BaicyyMHBiM cjrynaeM b eBKjiHflOBOM 
npocTpaHCTBe. Mbi jke 3anHineM KOMnjieKCHoe npe,n,CTaB- 
jieHne b cpe/i,e b iipoh3bojibhbix KOop/niHaTax. 

KoMnjiexcHoe npeflCTaBjieHne ypaBHeHHii MaKCBejijia 
paccMaTpHBajiocB pa3HBiMH aBTopaMH [7, c. 40-42], [8]. 

AHajioriiHHO (IV B) 3a,n,a,zi,HM cooTBeTCTBiie ynopsmo- 
HeHHOii napti h KOMnjieKcnoro 3-BeKTopa 



F l - ~ {E 1 -, B 1 -) , F l - = E l - + iB 1 -; 
G L ~ {D 1 -, H 1 -) , G l - = D l - + Lffi. 



(15) 



BBipa3HM HanpajKCHHOCTB h HHflyKHino nepe3 cooTBeT- 
CTByromne KOMnjieKCHBie BGKTopbi 



p ! -LP 1 F l — F % 

E l = , B l = 



2i _ 



2 ' 2i 
BBe/i,eM flBa /ipnojiHHTejiBHBrx KOMnjieKCHbix BeKTopa 

+ * L < = 21_£. (16) 

Tor/i,a ypaBHGHHH (IV A) npiiMyT bha 
W l {K l + L l ) =4wp; 

4tt - (17) 
-iV (iT - U) + e^VjiKk - L k ) = i—f. 



1. KoMUAeKCHoe npedcmaeAenue ypaeuenuil ManceeAAa e 
eaKyyMe 

H3 cooTHOinenHH D l = E l , H l = B l m (IV C) nojiyna- 



eM 



K l = E l + iB l =F\ L l = Q. 

Tor^a ypaBHeHHH (IV C) SynyT hmctb bha 

V t F l = 4irp; 
-iV F* + e^ fe V,F fe = i—f. 



2. KoMUAeKCHoe npedcmaeAenue ypaeuenuil ManceeAAa e 
odnopodnou u3omponuou cpede 

B oflHopoflHOH H30TponHOH cpe,n,e cnpaBefljiHBBi cjie/ry- 
roiinie cooTHOineHHH D l = eE l , /iH l = B l , rp<s s h fi — 
^HSjieKTpn^iecKaH h MarHHTHaa npoHnuaeMOCTH. 

JIjir ynpoin,eHHH nojiynaeMbix BbipajKeHiifi bosmojkch 
cjieflyioiiniH TpiOK. B (IV CI) flejiaei/r (popMajiBHyio 3a- 
MeHy c — > d = -j= (to ecTB 3aMeHaeM ckopoctb CBeTa b 

BaKyyMe Ha CKopocTb CBeTa b cpe,n,e) h j a — > ^y=. Toiyja 



nojiyHHM 

F l = VeE l + i—B\ 

c c at 

/JaHHoe npeflCTaBjieHHe ypaBHeHHii MaKCBejijia HMeeT 

HeCKOJIBKO HaHMCHOBaHHH. B HaCTHOCTH, OHO H3BCCTHO 

KaK npeflCTaBjieHHe PHMaHa-3Hjn>6epiHTeiiHa. 



D. HMnyjiBCHoe npe,a;cTaBJieHHe ypaBHeHHii 
MaKCBejijia 



Pa3JIOJKHM BGKTOpBI HanpSJKGHHOCTH SJieKTpHHeCKOrO 

h MarHHTHoro nojieii, sjieKTpHHecKoit h MarHHTHOH hh- 
flyKHHii b psm Oypbe no bojihobbim BGKTopaM k J , j - 
a6cTpaKTHbiii HH^eKC (<pypbe-o6pa3bi CTaHflapTHO 060- 
3HaHHM HianoHKOii): 



H l {t,k 3 ) 
B l (t,k 3 ) 
D%kj) 
p{t,kj) 
3%kj) 



.r')<' " 



L= J dV#)D i (t,x 3 ')e- i *^ ) 



1 



_ / d 3 fc,V^^(t,fc,)e ifc ^ 3 , 



06paTHoe npeo6pa30BaHne: 

£; l (t,x J ) 1 

/P(t,a^') 
B 4 (t,x 3 ) 
L> l (t,x 3 ) 
p(t,^) 
3% 



(19) 



l 



vW 
l 



i 



^kjV^B^t,^ 



d 3 fc 3 V^^(i,%)e ifcj:EJ , 



d%Vs (3) /5(^)e l/Cj 



(20) 



d 3 %\/^'f (t,%)e ifc ^ J . 



Cjie,nyeT 3aMeTHTb, hto KOMnoHeHTBi BeKTopoB 
E l (t,xi) h E l (t,kj), (a H ajiorHHHo: H l {t,x^) h H l (t,kj), 



■5 



D l {t lX i) ii D\t,kj), B l (t,xi) h Btfakj), f{t,x j ) h 
j l (t,kj)) paccMaTpiiBaiOTCH b pa3Hbix 6a3iicax: 

E i (t,k j ) = &(t,k j )Si, 
.- detgy, ds 2 = g-dxMxi. 

r^e 6a3HC 5? b3ht othochtcjibho Bercropa fcj. ^jih Bcex 
ki onpeflejieH cboh He3aBiiciiMbiii 6a3iic. Ilpn BbinHCbiBa- 
hiiii ypaBHCHHH MaKCBejijia H3 (IV D) mojkho pa6oTaTb 
He c iiHTerpajiaMii, a HanpaMyio c noflbiHTerpajibHMMii 
BbipajKeHHHMH. Hjih BOcnojib30BaTbCH cpopiviyjiaMii flJlH 
npeo6pa30BaHHH 3>ypbe: 

(afix 1 ) + bg{x 1 )) = af(ki) + bg(ki), a,b = const, 

0/6?) 



dxi- 

f(^Mx^) = 



ik,f{k% 



1 



= (/*$)(*i), 



r/i,e CBepTKa HMeeT bh^ 



(f*g)(h)= / M - *i)ff(*i)d 3 



CnnTaa g = const, nojiyHHM 



MexaHHKe pa3jiojKeHHK> stiix bcktopob b pafl Oypte no 
iiMnyjibcaM. IIosTOMy npe^CTaBjieHne (IV D) mojkho Ha- 

3BaTb HMnyjIbCHBIM. 



E. CnHHopHaa 3anHci> ypaBHeHHH MaKCBejijia 

TeH3op sjieKTpoMarHHTHOro nojia F a p n ero konhio- 
HeHTbi F a fj, a,(3 = 0,3, mojkho paccMaTpnBaTb b chh- 
HopHofl: dpopMe [2, c. 153] (aHajiorHHHO h fljra G a p): 



F a R = FaA> 



BB': 



TP — TP , n AA 'r, BB ' 
rafi_ — ^AA'BB'9a 9 ) 

A, A',B,B' = M, a,^= 073, 

r A e 9 a ~~ i QL — 0, 3, — chmbojim IlHcpejib^a-BaH jj,ep 
Bep,u;eHa, onpejxejiaeMbie b fleftcTBHTejibHOM cnnHopHOM 
6a3nce £ab_ cjie/ryioiiniM o6pa30M [2, c. 161]: 



„ A A' ._ _ a_ i. A' a ._ a A A' 

9a •— 9a £ A~ £ A'~ ) 9AA'~ ■— 9~a £ A? A' 



(22) 



1\ A B B A 

sab —£a'b< = \ . 10 '' £ ^ ~~ e 4~~ ~~ 
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3anHmeM ypaBHeHna MaKCBejijia nepe3 cnnHopbi. 

IIoCKOJIBKy TeH30p F a p fleitCTBHTejieH H aHTHCHMMCT- 

Phhch, to ero mojkho npeflCTaBHTb b Bn,n,e 



F a p = IfABSA'B' + SAB^A'B', 



(24) 



i-L^e^kjE^kj) = --d t B l (t,k 3 ), 
i—L=e ijk kjH k {t, kj) = -d t D l (t, kj) + —j l {t, kj), 



v J (3) 

ikiD l (t, kj) = 47rp(i, fcj), 
\k,B\t,kj) = 0. 

(21) 

IIocKOjibKy pe3yjibTHpyioni,He (IV D) ypaBHeHna no- 
jiynaiOTCa KOMnjieKcntiMH, to npeflCTaBjiaeTca 6o- 
jiee onpaB,u;aHHbiM Hcnojn>30BaHHe b flaHHOM nojxxo- 
,n,e KOMnjieKCHoro npe^CTaBjieHHa ypaBHeHHH MaKCBeji- 
jia (IV C): 



F%xi)-- 
&{t,x>) - 
P(t,x>) 
3%**)-- 



1 



7(2^ 



1 



= / d% 

2^)3 J 3 



\kjX :] 



d%^p(t,kj)e ik ^ 



3aMeiaHHe. B paMKax KjiaccnnecKon 3jieKTpo,u;HHa- 
mhkh pa3jiojKeHne BeKTopoB E J , H 3 , B J , D J b paja, Oypbe 
no bojihobbim BeKTopaM k J cooTBeTCTByeT b KBaHTOBon 



3/i,eci> ifiAB — cnHHOp sjieKTpoMarHHTHOro nojia: 

•— 1 TP C" — 1 TP c A ' B ' — 1 TP r A ' B ' 

fAB — 2* ABC - 2^ AA ' BB ' £ ~ 2 1 

AnajiorHHHO mojkho 3anncaTb 

G a fj — JAB^A'B' + SABlA'B', 

*G afi = -i 7 AB e A ' s ' + ie AB j A ' B '. 



(25) 



3aMeHaa b ypaBHeHHH (IV B) a6cTpaKTHbie HH,n;eKCbi 
a Ha A A' h [3 Ha BB' ', 3annineM: 



:<AA' BB' _ gg' 

c J 



Hcnojn>3ya cooTHOineHne (IV E) nojiynnM 



Y7AB',„B | yjBA'B' ^ n -BB' 

c 

AHajiorHHHO, H3 (IV B) h (IV E) nojiynHM 

v A ' B ~f A - v ab 'j a : - o. 

TaKHM o6pa30M nojiHaa cncTeMa ypaBHeHnii MaKCBeji- 
jia b cnnHopHOM npeflCTaBjieHHH HMeeT bhjj, 

T-7AB' B , Y7 B A' B' 47T BB > 

V ip A + V = — ] 

^ A ' B lB - ^ AB 'lB- = 0- 
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CiiCTeMa ypaBHeHHH MaKCBejijia b BaKyyMe b cnHHop- 
hoh cpopivie 3anHiiieTCfl b Bnpfi oflHoro ypaBHeHHH [2, c. 
385]: 

c 

BbinHHICM KOMnOHGHTBI cnHHopa SJieKTpOMarHHTHOrO 

nojin: 



KoscpcpHHHeHTbi JIaMe: 



hi = h r = 1, h 2 = h ip = r, h 3 = h z = 1. 



CoOTHOHieHHe MejKfly rOJIOHOMHMM (TGH30pHbIM) h 

HerojiOHOMHbiM (bcktophbim) 6a3HcaMH (cm. (II) h (II)): 



<PAB = 7}Fap£——g-AA^g-BB^, 

A,A',b,b! = M, a,^ = 073. 

Hcnojib3yH (IV E) , (IV E) h o6o3HaHHB Fi = E; t — \B % , 
M05KHO 3anncaTb [2, c. 386]: 



V. PEAJlH3AD;Ha yPABHEHHH 
MAKCBEJIJIA B HEKOTOPblX CHCTEMAX 
KOOPAHHAT 

A. ypaBHeHHfl MaKCBejijia b ijiiJiiiHflpiiHecKOH 

CHCTeMe KOOpflHHaT 



r- = r- = rfz, r- = r- 

fr' = /ri ftp' = —ftp, fz' = /z 



^I,H(p(pepeHLi;HajibHbie onepaTopti b tojiohomhom 6a3H- 



ce: 



div / = l -d r {rf-) + 8 V (/£) + 9 Z (/*) ; 
1 



(rot/) = - d v fz- d z fp 

+ 1 -[d Z fr_-d r f^6i L + 1 - 



5 l ,+ 

drfip ~ dpfr 



B paMKax CTaH,n;apTa ISO 31-11 KOop^HHaTbi 
(a; 1 , a; 2 , a; 3 ) o6o3HanaK)TCH k&k (p,ip,z). Mto6h He 

B03HHKajIO KOJIJIH3HH C o6o3HaH6HHeM njIOTHOCTH 

3apHfla p, 6ypfiM Hcnojib30BaTb o6o3HaneHHH (r, tp, z) 

3aKOH npeo6pa30BaHHH KOop,n;HHaT ot flexapTOBbix k 
H;HjiHH [ u;pH x iecKHM : 



x = r cos ip, 
y = r sin ip, 
z = z. 



3aKOH npeo6pa30BaHHH KOop,u;HHaT ot HHjiHH,zi,pHHe- 

CKHX K flCKapTOBBIM: 



/I,H(p<pepeHD;HajibHbie onepaTopti b HerojiOHOMHOM 6a- 
3Hce: 



{gradf)i ^_ S - +--S- +-S-; 
div/ = \d r (rf-) + \d v (/*') + d z (/*') ; 



(rot/) =^ d v f z ,-rd z f^ 



51 + 



+ [d z f L > - d r f z ,] 4 + - [a r (r/^) - a y / r 



V = yf X 2 + J/ 2 , 

p = arctg (|) 



z = z. 



3anHHieM ypaBHeHHH MaKCBejijia b HHjiHHflpHHecKHx 
KOop,u;HHaTax (r, z). 



MeTpHHecKHii Teroop: 



'1 0> 

„2 



9ij = | r a | , 9^ 
,0 1, 




OjEk-dkEj =—d t B\ i,j,k = 1,3, 



-3^+-/, i, i, fe = 1,3, 
c c - 



-0i (rD*) = 4rrp, i = l,3, 



\/5 = r- 



(r^) = 0, i= 1,3. 



Ilocjie npeo6pa30BaHHii OKOH^aTejitHO nojiy^aeM: 

-[d v E 3 -d z E 2 ] = --d t B 1 , 
r c 

-[d z E 1 -d r E 3 ] = --d t B 2 , 

r c 

-[d r E 2 -d ip E 1 ] = --d t B 3 , 
r c 

- [d v H 3 - 8 Z H 2 ] = --dtD 1 + —j 1 , 
r c c 



1 



47T 



[d z H x - d r H 3 ] = — dtD 1 + — r, 

r c c 

- [8 r H 2 - d v H x ] = --0 t D 3 + —j 3 , 
r c c 

1 , dD 1 dD 2 dD 3 
r or dp dz 

i ! as 1 as 2 as 3 _ ( 

r <9r <9<^ 9z 



B. YpaBHeHHSi MaKCBejuia b ccJjepHHecKott CHCTeine 

KOOpflHHaT 

B paMKax CTaH,n;apTa ISO 31-11 KOopflimaTbi 
(x 1 , x 2 , x 3 ) o6o3HaHaioTCH KaK (r, p>). 

3aKOH npeo6pa30BaHHa KOop,n;HHaT ot flexapTOBbix k 
cepepHnecKHM: 

x = r sin t? cos p, 
y = r sin d sin ip, 
z = r cos •&. 



3aKOH npeo6pa30BaHna KOopfliinaT ot ccpepiiHecKirx k 
,zi,eKapTOBbiM: 

' r = ^/x 2 + y 2 + z 2 , 



d = arccos -^^^=^^^ 
\^Jx 2 +y 2 + z 2 / 

tp = arctg ( - ) . 
v \xJ 

MeTpirqecKiin TeH3op: 

/l 

9ij = r 2 

\0 r 2 sin 2 ^. 



arctg 



\/x 2 + y 2 



V 



o o 



\ 



1 



r 2 sin 2 



V9 = 1 
Ko3<p(pHLi,HeHTbi JlaMe: 
hi = h r = 1, h 2 = hn 



r, h 3 = h v = rsini?. 



CooTHonieHiie Meac^y tojiohomhijIm (tch30phbim) h 
HerojiOHOMHMM (bcktophbim) 6a3HcaMH (cm. (II) h (II)): 

f L '=F, / fi '=r/* /^'=rsintf/^ 



fr> ~ fr, fit' — -/#) /< 



1 



r sin?? 



^HcpcpepeHiriiajibHbie onepaTopti b tojiohomhom 6a3ii- 



ce: 



( gra d/) 4 = 



(rot/)' 



1 



r 2 sin i9 



sin i? 

dtffv - d v f o_ 



+ 



1 



r 2 sin i? 



51 + 
1 



/JncpcpepeHnTiajibHbie onepaTopti b HerojionoMHOM 6a- 
3Hce: 



(grad/)i = —5- + -t^5- + —^^-^ ; 

or r or) rsmr) dtp 



div/= (r 2 .K) + (sintf/^ 

+ r n (/^') ; 

rsinw V / 

frot/) = — [^(sini?/ v /) - d v U' 
\ ) rsmv L — - 



sin?? 



5 v /r' - d r (rf<p>) 



Si, + 



3annnieM ypaBHCHHH MaKCBejuia b cepepHHecKnx ko- 
opflHHaTax (r, i?, <^). 



1 



r 2 sin i? 



^-Efe — dkE 



1 



= --d t B 1 -, i,j,k = l,3, 
c - 

ld t Di+—ji, i,j,fc = M, 
c c - 



1 



r 2 sin i? 
1 



r 2 sin rl 



d, (r 2 sinz?i>) = 47rp, i = 1,3, 
ai(r 2 sin = 0, z = T73. 



Ilocjie npeo6pa30BaHHii OKOHnaTejibHO nojiynaeM: 

-Y^— q [doE 3 - d v E 2 ] - --d t B\ 
r z sin v c 

-5^-5 [d v Ei - d r E 3 ] = --d t B 2 , 
r £ sin v c 

[d r E 2 - d*Ei\ - --d t B 3 , 

r sin if c 
1 ,„ „ „ „ , 1„ „i 4tt 



[9^3 - 3 V H 2 ] = — d t D x + — j 1 



1 



c 

47T 



r 2 sin i? 



[^J?! - d r H 3 ] = —d t D 2 + — j , 
c c 

1 [d r H 2 — d#Hi] = —-d t D 3 + — j 3 , 



r 2 sin i? 



-D 1 + drD 1 + ctgi?L> 2 + di)D 2 + d^D 3 = 4irp, 
r 

-B 1 + drB 1 + ctgdB 2 + di>B 2 + d^B 3 = 0. 
r 
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VI. SAKJUOMEHHE 

CepopMyniipyeM ochobhbig bbibo,hi>i h pe3ynbTaTbi, no- 
jiyneHHbie b pa6oTe: 

1. IIoKa3aHa cbh3b Mempy TeH3opHbiM h bcktophbim 

(pOpMajIH3MaMH. 

2. BbinncaHO KOBapHaHTHoe KOopflimaTHoe npe/jCTaB- 
jiCHiie flH(p(pepeHn,HajibHbix onepaTopoB rjisi rojio- 

HOMHblX CHCT6M KOOpflHHaT. 

3. IIpofleMOHCTpHpoBaHO npinvieHeHiie TeH3opHoro 
(popMajiH3Ma fljia pa3Hbix cpopM 3anncH ypaBHe- 

HHH MaKCBCJIJia. 

4. BbiniicaHbi ypaBHeHiia MaKCBejijia b KOBapiiaHT- 

HOH 6eCKOOpflHHaTHOH H KOBapiiaHTHOH KOOp^,H- 



HaTHoii (popMax. 

5. IIoKa3aHO coBna/reHiie pe3yjibTaTOB, nojiyneHHbix c 

IIOMOIIIblO TeH30pHOrO H BGKTOpHOrO 4>OpMajIH3MOB 

Ha npiiMepe i^HjiHHflpH^ecKoii h ccpepiiHecKoii cii- 

CTeM KOOpflHHaT. 

6. IlpHMeHeHHe pjisi ypaBHOHiift MaKCBejijia BMecTO 

BeKTOpHOrO CpOpMajIH3Ma TeH30pHOrO II03BOJIHCT 

ynpocTHTb MaTeMaTH^ecKHe BbiKjiaflKH, b nacTHO- 
cth npn pa6oTe c HefleKapTOBbiMH CHCTeMaMH ko- 

OpflHHaT. 

YnpomeHne 3aniiCH ypaBHCHHH h npoMejKyTOHHbix 
pacneTOB b He,n;eKapTOBbix CHereMax KOopflimaT 
bosmojkho a c^eT Hcnojib30BaHHH xopoino pa3pa6o- 
TaHHoro (popMajiH3Ma TeroopHoro aHajiH3a. ITepe- 
BOfl >Ke b ypaBHeHHH hjih pe3yjibTaTOB bcktophbih 
<popMajiH3M npn Heo6xo [ ziriMOCTH mojkho ocyin,ecTB- 

JIHTb Ha 3aKJIIOTHTejIbHOM STanc. 
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